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Abstract: 

The paper characterizes the basic distributions of failure of elements that constitute the technical (mechatronical) sys- 
tems: exponential, Weibull, normal, log-normal distribution. The description of two-element parallel technical systems 
with reliability characteristics has been made. Specific cases are studied where up time of the technical system elements 
have exponential, Weibull, normal, log-normal distributions and where the system consists of two parts with parallel 
reliability structure and of different types of distributions of elements up times. The order of elements in the analysis 
does not matter. The relevant characteristics of reliability for a system with two parallel elements are presented: up 
time distribution function of the system, system reliability, up time probability density of the system, the system failure 
intensity. 

Key words: technical (mechatronical) system, distributions of elements failure, distributions of failures of two-element 
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INTRODUCTION 

The combination of mechanical, electrical, electronic, 
pneumatic elements into one operating technical system 
has been called in recent years a mechatronic device 
(system). Each of these elements has a specific character of 
durability, damage susceptibility and reliability. Reliability 
of devices and mechatronic device components is described 
by mathematical models - distributions of random varia- 
bles, and particularly, the characteristics of reliability, which 
directly affect the reliability characteristics of mechatronic 
devices, into which they are included. 

The most commonly used mathematical models of stu- 
dying the reliability of technical devices are distributions of 
random variables: exponential, Weibull, normal, logarithmo 
-normal, normal truncated at zero, gamma, binomial 
(Bernoulli), Poisson, hypergeometric, geometric, and pro- 
cesses: Poisson, normal, Markov and semi-Markov. Distri- 
butions are probabilistic models, and processes are stocha- 
stic models [1, 2, 3, 4, 5]. 

In complex, responsible technical and mechatronic sys- 
tems (a combination of mechanical, electrical, electronic, 
pneumatic operating components into a coherent technical 
system) reserving components are often used. The simplest 
reserving consists in a parallel inclusion of the same compo- 
nent into the system, which replaces the damaged compo- 



nent at the time of the primary failure. In more complex 
technical systems, the functions of the defective part may 
be taken by a different system component, with different 
operating characteristics, and thus with different reliability 
characteristics. Each of the components may have a diffe- 
rent durability, damage and reliability character, which is 
described by the mathematical models - statistical distribu- 
tions, and particularly the characteristics of reliability, 
which directly affect the reliability characteristics of a tech- 
nical system they constitute. 

The most commonly used mathematical models of stu- 
dying the reliability of technical devices are distributions of 
random variables: exponential, Weibull, normal, logarithmo 
-normal, normal truncated at zero, gamma, binomial 
(Bernoulli), Poisson, hypergeometric, geometric, and pro- 
cesses: Poisson, normal , Markov and semi-Markov. Distri- 
butions are probabilistic models, and processes are stocha- 
stic models [1, 2, 3, 4, 5]. In further analysis the simplest 
and the most common models are assumed: exponential, 
Weibull, normal, or logarytmo-normal. 

Many years of field tests and databases available on 
failure of components and technical equipment indicate 
that specific distributions for their reliability characteristics 
can be attributed to specific components and devices as 
well as to the typical types of damage [6, 7, 8, 9] (Table 1). 
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Table 1. 
Functions of failure intensity of selected components and devices as well as typical types of damage 



Component, device 


Distribution of functions 
of failure intensity 


Type of damage 


Distribution of functions of 
failure intensity 


small rubber parts such as seals, diaphragms 


Weibull 




catastrophic 


exponential 


components and equipment damaged by external 
factors 


exponential 




ageing 


Weibull, gamma 


electronic elements 


exponential 




very slow wear 


exponential 


devices with a dominant number of moving parts 


Weibull 




rapid wear 


normal, logarithmo-normal 


corrosive wear 


gamma 



Up time of the i-th element is a random variable with a 
distribution defined by the following characteristics: 
- reliability of the component 



R,(t)= P{t, > t} = l-F,(t)Jt > 0,i = 1,2,..., n, 



(1) 



f,(t) = ^' f >0, 

failure intensity of the component 
A i (t) = A j = const. 



(6) 



(7) 



- probability density of the component up time 

f,(t)=^^-,t>0,i=l,2,...,n, 
at 



(2) 



failure intensity of the component 



vo= 



dt 



[lnR,(tj\-- 



f,(0 _ f,(t) 



1-F,(t) R,(t) 



t>0,i =1,2,..., n, (3) 



- the expected up time of the component 

r =fi[r,]= fi?,Ct;dt,z=l,2,...,n. (4) 



In the next part the analysis of four distributions is given 
as an example, and then selected characteristics of 
reliability compositions of elements of mechatronic devices 
are presented. In the given examples, the presentation is 
limited to compositions of distributions for two elements. 

CHARACTERISTICS OF THE ANALYZED RELIABILITY DISTRI- 
BUTIONS 

In the work below [10], particular cases of distribution 
compositions are analysed. 

Exponential distribution 

Exponential distribution is useful for testing the reliabili- 
ty of such devices, which are the result of impact of shock 
loads (so-called discrete stimuli). Exponential distribution 
can be used to test the reliability of equipment and compo- 
nents if: 

- changes to the technical condition and the resulting 
damage is irreversible, 

- the level of resistance (wear resistance) is constant, 
which means no damage caused by aging (derived 
from cumulative extortion), 

- damage is the result of external or internal random 
shock interactions (discrete stimuli). 

Up time characteristics (i=l,2,...,n) of a component are 
as follows: 

- reliability of the component 



R,(t)=e*t>0, 



- probability density of the component up time 



(5) 



- the expected up time of the component 

1 

X' 



■■Eh 



(8) 



Weibull distribution 

Weibull distribution describes the time of normal opera- 
tion of such devices, in which damage is independent, any 
damage causes loss of equipment up time, each unit con- 
sists of a sufficiently large number of homogeneous compo- 
nents. 

The element has a Weibull distribution with the param- 
eters (aj,Pi)(i=l,2,...,n), when its characteristics take the 
form: 



- reliability of the component 

R l (t) = exp(-J3 i t a '\t>0, 

- probability density of the component up time 

f l (t) = a l /3 i t'"- 1 exp(-fi i t'"),t>0, 

- failure intensity of the component 

A,(t) = a i fJ i t a >- 1 ,t>0, 

- the expected up time of the component 

T t =E[T l ]=r\l+— Vir,r>0. 



(9) 



(10) 



(11) 



(12) 



A special case of Weibull distribution is a Rayleigh distri- 
bution in which the parameter aj=2. 

Normal distribution 

The normal distribution is a model of reliability of any 
technical object in which there are damages resulting from 
the aging process, including wear. This is to be used if a 
described random variable depends on a number of phe- 
nomena and causes, none of which can be considered dom- 
inant. 

The component t, up time has a normal distribution 
when the probability density has the form 
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Ut)- 



cj.^iln 



exp 



(t-T,r 

2a, 2 



■ 00 < t < 00, 



(13) 



and its distribution function 



F,(t) = 



aA2n - 



J exp 



(x-T t ) 2 
2a 2 



dx,-oo < t < 00, 



(14) 



where Tj is the expected up time of a component and a-, is 
its variance. 

The normal distribution is defined for all teR, while the 
random variable t, being the up time of the element takes 
only nonnegative values. One can put up with such an inad- 
equacy of the model, where the probabilities P{t,<0} are 
negligibly small, no larger than measurement errors. 

In order to write simpler and more convenient up time 
characteristics of the element with normal distribution the 
characteristics of the normal distribution N (0,1) probability 
density has been used: 



U(t)- 



1 



\2n 



,exp 



t L 



,teR, 



(15) 



and the distribution function 



dx.teR. 



(16) 



One can then write the characteristics of the system 
components in the form: 

- probability density of the component up time 



f i (t) = — f l 



er 



t-T : 



c. 



,teR, 



(17) 



i V "• J 



reliability of the component 

' t-T. 
R,(t) = l-F 



failure intensity of the component 



(18) 



A,(t): 



t-T, 



<T, 



1-F 



't-T.^ 



(19) 



In case one cannot accept the assumption that the 
probabilities P{Tj<0} are negligibly small, one should use the 
truncated normal distribution, at which time the fault-free 
operation of the component takes only nonnegative values 

Ti>0 

In this case, the reliability characteristics of elements has 
the form: 

- probability density of the component uptime 



1 

-u 


't-r: 


f. 


't-T,] 
V °i J 


1-Fn 


( T~\ 


<r,F n 


f j \ 




I °J 






V CT J 



Ut)- 



- reliability of the component 



,t>0, 



(20) 



^t- T ; 



H(t)=i- 



l-F 



t-T 



\ 



Fl 7 ^ 



1-F 



( T \ 



f T \ 



f T \ (21) 



- failure intensity of the component 



u 



Ht)- 



't-T,^ 



V °i J 



u 



r t-T^ 



V °i J 



<y, 



i-F r 



f t-T^ 



<*t F o 



T -t 



v t>0. (22) 



Logctrithmo-normctl distribution 

Logarithmo-normal distribution in reliability theory on 
the basis of the empirical research characterizes metal 
components safe fatigue life, the strength of metals sub- 
jected to prolonged operation stress, as well as electronic 
components up time. 

The component t, up time has logarithmo-normal distri- 
bution when the random variable Y=lnTj is normally distrib- 
uted withthe parameters N(T,ai) . Using the probability 
density and distribution function of the normal distribution 
N(0,1) component reliability characteristics of logaithmo- 
normal distribution can be written as: 

- probability density of the component up time 



m)-- 



i 



ta,42n 



-exp 



tint-Tj 



2a: 



1 
ta, 



I 



Int-T, 



,t>0, (23) 



- reliability of the component 



( 



R i (t)=i-F 



lnt-T 



\ ( 



\ • j 



T -Int 



\ 



(24) 



V ' / 



failure intensity of the component 

1 f (ht-Tj ) 
t 2 / V "i ' 

the expected up time of the component 
E[T t ]=explf i+ 4 



(25) 



(26) 



CHARACTERISTICS OF THE DISTRIBUTIONS OF TWO- 
ELEMENT PARALLEL TECHNICAL SYSTEMS 

Here the analysis of n-element system with a parallel 
reliability structure is presented. The same designations, 
which have been defined in the previous section, will be 
used. Since the elements are independent, and the system 
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r = E[r] = J[l-F 1 Y0]dt (36) 



is working flawlessly until the damage of all the compo 

nents: 

- the up time distribution is 



F(t) = P{z<t} = P{T 1 <t,T 2 <t,...,T n <t} = Y\F i (t), 

1=1 

- the system reliability 

S(t)~l-f[FXt), 

1=1 

- probability density of the system up time 

f(t)=imu F j(o, 

Failure intensity of the system has the form 



(27) 



(28) 



(29) 



Hty- 



j'-i 



i-ffiro 



(30) 



The expected up time of the system with parallel reliability 
structure is 



T = E[r] = l 



i-nw 



dt 



(31) 



The equation (31) shows that it is rarely possible to cal- 
culate the expected up time of the system in the explicit 
form. Even for simple distributions the expected up time of 
the system is quite complicated. In a particular case, all 
components of the system have the same up time distribu- 
tions. This happens usually when several components per- 
form one and the same function. 

To perform it one component is sufficient, therefore, 
the remaining elements are hot reserving and in that case 
often Fj(t)=F!(t) for i=l,2,...,n. . Then for a system with a 
parallel structure consisting of identical components relia- 
bility characteristics have the form: 

- the distribution function of the system up time 

F(t)=F?(t), (32) 

- the system reliability 

R(t) = l-F 1 "(t) = l-[l-R l (t)]", (33) 

- probability density of the system up time 

f(t) = nf l (t)F l n - 1 (t), (34) 

- failure intensity of the system 

W-f^ll, ,35, 

1-F 1 (t) 

- the expected up time of the system 



The following reliability characteristics of systems with a 
parallel two-element structure and different types of com- 
ponents up time distributions have been determined. The 
order of components is arbitrary, it does not matter for the 
dependence. 

The first component has the up time of the exponential 
distribution with the parameter X, and the second - of the 
Weibull distribution with the parameters (a,P). Reliability 
characteristics of the system take the form: 

- the distribution function of the system up time 



F(t)=(l-e-^-e- fi ' a jflO, 

- the system reliability 
R(t) = l-(l-e- M jl-e- /l,a )=e-" 

- probability density of the system up time 
f(t)=Ae- A '^-e- fi ' a )+a/3t a - 1 (l-e-")e-' 3 ' c 



+ e 



(to+pt") 



Xe- lt + a/3t a - 1 e- / "" 



-(M + fit a ) 



- failure intensity of the system 



(37) 



,(38) 



(39) 



Mt) 



+ e 



-( it* fir ) 



(40) 



The first component has the up time of the exponential 
distribution with the parameter X, and the second - of the 
Weibull distribution with the parameters (T,o). Reliability 
characteristics of the system take the form: 

- the distribution function of the system up time 



F(t) = (l-e-*)F {^) 

the system reliability 

R(t) = l-(l-e' A ')F (^), 

probability density of the system up time 
f(t) = te-*F (*?)+±k-e-*)f (**-), 

failure intensity of the system 



Mt)- 



M )uo 

l-{l-e- A ')F (^) 



(41) 



(42) 



(43) 



(44) 



The first component has the up time of the exponential 
distribution with the parameter X, and the second - of the 
logarithmo-normal distribution with the parameters (T,o). 
Reliability characteristics of the system take the form: 

- the distribution function of the system up time 



F(t) = (l-e-*)F (^)t>0, 



(45) 
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- the system reliability 

R(t) = l-(l-e- A ')F (^), (46) 

- probability density of the system up time 

f(t) = Ae-*F (*F)+±(l-e-*)f (±?-), (47) 

- failure intensity of the system 

M,) " i-(i- e -KM |481 

The first component has the up time of the Weibull dis- 
tribution with the parameter (ct,P), and the second - of the 
normal distribution with the parameters (T,o). Reliability 
characteristics of the system take the form: 

- the distribution function of the system up time 



(l-e-^jp/" 



(^),t>0, 



(49) 



(50) 



F(t) 

- the system reliability 

R(t) = l-(L-e- fi,a )F (^), 

- probability density of the system up time 

f(t) = a^- 1 e- /3ta F B (^) + ^-e-' ka )f (^), (51) 

- failure intensity of the system 



A(t): 



3 rv Aa F,(fj+iM/ i (v ) 



1- l-e" 



KM" 



(52) 



The first component has the up time of the Weibull dis- 
tribution with the parameter (ct,P), and the second - of the 
logarithmo-normal distribution with the parameters (T,o). 
Reliability characteristics of the system take the form: 

- the distribution function of the system up time 

F(t)={$.-e- fi ' a )j (^),t>0, (53) 

- the system reliability 

R(t) = l-^-e- fit " f a (^-),t>Q, (54) 

- probability density of the system up time 
f(t)=aPt a - 1 e-* a F (^) + ^-e-* a )u(^),(55) 

- failure intensity of the system 



A(t) = 



aflt 



«-i„-a" 



F a (^) 



L 



-pt a 



i-h"P.W) 



ht^) 



(56) 



The first component has the up time of the normal dis- 
tribution with the parameter (T^Oj), and the second - of 
the logarithmo-normal distribution with the parameters 
(T2,o 2 ). Reliability characteristics of the system take the 
form: 



- the distribution function of the system up time 

F(t) = F {^)F {^),t>0, (57) 

- the system reliability 

R(t) = l-F (^)F (^-),t>0, (58) 

- probability density of the system up time 

f(t) = i [ f (^)F (^)+^F (^)f (^) (59) 



Mt) 



failure intensity of the system 

10 \ m tO V ct 2 / 1<T2 0\ a\ )l0\ CT2 / 



i 



^oW^oWf 



(60) 



CONCLUDING REMARKS 

In technical systems, particularly in mechatronic sys- 
tems, reserving the system components is popular. In the 
presented material specific examples of components re- 
serving are shown, when the components are not reserved 
by the objects of the same type, with the same characteris- 
tics of reliability, but when the functional reserving by a 
different component with a different reliability characteris- 
tics is used. In case of reserving by the same components 
with the same failure distributions, the analysis of reliability 
characteristics is relatively simple and defined by the de- 
pendences (32)^35). In other cases it is complex. 
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